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Hex

There are two players: circle and square.  Circle moves first by “capturing” (placing a circle around) a single dot anywhere in the rhombus.  Square moves second by “capturing” (placing a square around) a single uncaptured dot.  The players continue to take turns capturing previously uncaptured dots (not necessarily adjacent to previously captured dots).  A player wins if the dots s/he has captured include a “connected” set of adjacent dots linking his or her two sides. Two dots are adjacent if each is closest to the other; thus each dot in the interior has six adjacent dots.
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2-Hex Game Tree Construction
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2-Hex Game Tree Backward Induction
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Zermelo’s Theorem

Suppose a game

· involves two players,

· has perfect information,

· has a finite number of possible moves, and

· always ends in one player winning.

Then one of the players can always force a win.

Chess 

· involves two players,

· has perfect information, 

· has a finite number of possible moves, and

· always ends in one player winning or a draw.

Either white can force a win, or black can force a win, or both sides can force at least a draw.

So why is chess so hard to play?

2-Hex Winning Strategy

3-Hex Winning Strategy

4-Hex Winning Strategy

Circle Can Always Force a Win in Hex

Suppose square can always force a win in Hex.

Define Reversed Hex to be the same as Hex, except that square moves first.  

By our supposition and the symmetry of the game board, circle can always force a win in Reversed Hex.

Consider now a play of Hex.  Let circle capture an arbitrary point, subsequently ignoring that move and playing to win as if in Reversed Hex.  If at any time circle is suppose to capture the point already captured on the first move,  let circle capture another arbitrary point.

Circle must win!

This contradicts our supposition, and so square cannot force a win in Hex.

By Zermelo’s Theorem, win can always force a win in Hex.

Notice that we have only proved existence.  An open question is to describe how to force the win.

Lake Pollution

There are several towns on the shore of a lake. Each town annually generates 100 units of sewage, and that sewage will be dumped into the lake either treated or untreated.  Suppose it costs your town 1 unit (of money, effort, loss of space for the plant, and so forth) for each unit of sewage treated.  With only treated sewage entering the lake, each town receives 100 units (of beauty, tourism dollars, healthy environment, neighborly good will, social status, and so forth). But every unit of untreated sewage dumped into the lake results in a cost of 0.3 unit.
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Lake Pollution Net Benefits

In general, there are  n  towns.

Let  xi  be the units of sewage town  i  chooses to dump untreated into the lake.  So,  0 ( xi ( 100.

The net benefit to town  1 

= lake benefit – treatment cost

= (100 – 0.3 (x1 + x2 + ... + xn )) – (100 – x1 )

= x1  –  0.3 (x1 + x2 + ... + xn)

= 0.7 x1  - 0.3 (x2 + ... + xn)

Thus, it is always beneficial to dump more untreated sewage into the lake!

If each town dumps only untreated sewage ( xi  = 100 ), then each town obtains 100 – 30 n, which is negative when  n > 3.

If the towns could all agree to dump only treated sewage ( xi  = 0 ), then each town obtains zero.
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An Allocation Problem

The Environmental Protection Agency (EPA) has mandated improvements in the sewage treatment facilities in the cities of Agony, Barport, Claron, and Delmont.  Each city could work separately, but $140 million would be saved by all four working together.  If one of the cities was unwilling to cooperate, some triples of cities could also save money: Agony, Barport, and Claron could save $108 million; Agony, Barport, and Delmont could save $96 million; and Agony, Claron, and Delmont could save $84 million.  No other subset of the cities could save money over completing the projects individually.  Negotiate and/or arbitrate an allocation.




















































