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Abstract

I consider the problem of allocating p divisible objects among n people with the transfer of money possible.  There is an efficient and equitable solution that requires each person to state a bid for each object, as well as a spending cap for him or her.  

Problem

There are n players and p homogeneous, divisible objects. In an allocation, player k will receive a proportion 
[image: image1.wmf]  

a

j

(

k

)

 of the object j in addition to a transfer of money m(k) (where m(k) could be negative, meaning the paying of money). An allocation will be denoted by 
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 and player k’s allocation by 
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.  In addition, each player k has a spending cap c(k), which limits the amount of money m(k) that can be transferred.  All allocations are subject to the following constraints: 1) for i=1..n and j=1..p, 
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; 2)for j=1..p, 
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; and 4) for i=1..n, 
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Each player submits sealed bids, 
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, representing the utility of each object j to the respective player.  Note that we assume that a player’s utility is linear among objects and money, and additive across objects. So, player i’s total utility 
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An example is as follows.  There are 2 players, Ben and Carol, and 3 divisible objects: a cabin, a set of silver, and a car.  The objects need to be allocated between the two players in a “fair” manner.  First, each player submits a sealed bid representing the object’s utility to him or her.  Their bids are as follows:

	n=2, p=3
	i=1, Ben
	i=2, Carol

	j=1, Cabin
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	j=2, Silver
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	j=3, Car
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	Object/Player
	Ben
	Carol

	Cabin
	24
	16

	Silver
	7
	20

	Car
	19
	24
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One way to allocate the goods is to give each to the highest bidder.  So, Ben would receive the cabin while Carol receives the silver and the car.
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Another way to allocate would be to do something called the “First Price Method.”  Under this method, the highest bids on each object are paid out by their respective bidders (the highest bidder still receives the object), and the total sum is divided up equally among the players.

Yet another way to allocate would be to assign 
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 of each object to each bidder, where n is the number or players.  In this case, both Ben and Carol receive half of each object.
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Equitability

Equitability is a property of an allocation that means every player receives, in terms of utility, the same proportions of his/her allocation.  A potential utility is a player’s utility if he/she received all of the object(s) without any money transfer.  An allocation is equitable if the ratio of the utility to the potential utility is the same for each player.  In other words, an allocation 
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Proposition: There always exists an equitable allocation.

Proof: Consider that 
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Since each player will receive 
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 of his/her own valuations, then this allocation is equitable.  

With regards to the 3 aforementioned examples, the only one that is equitable is the last one because 
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.  The other two aren’t equitable by the same rule.  For instance, the first example yields 24 for Ben and 44 for Carol.  This isn’t equitable because 
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 .  The second example yields 34 for both Ben and Carol, and it obviously isn’t because 
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.   
Proposed Solution

I propose that the allocation of objects and money be the feasible solution that maximizes ( subject to 
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, for all players i.

Efficiency

Efficiency is a property of an allocation that means there is no other allocation that is strictly better for at least one player, and as good for all others.  In other words, an allocation 
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 is efficient if there doesn’t exist another allocation 
[image: image59.wmf]  

b

w

+

q

 satisfying 
[image: image60.wmf]  

u

j

(

i

)

b

j

(

i

)

+

q

(

i

)

j

=

1

p

å

>

u

j

(

i

)

a

j

(

i

)

+

m

(

i

)

j

=

1

p

å

 for some i and 
[image: image61.wmf]  

u

j

(

k

)

b

j

(

k

)

+

q

(

k

)

j

=

1

p

å

³

u

j

(

k

)

a

j

(

k

)

+

m

(

k

)

j

=

1

p

å

 for all other players k.  

Conjecture: The Maximally Equitable Solution will always yield an efficient allocation.  
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