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Abstract
The purpose of this paper is to initially create an extension for a partially defined game and then using a well known allocation method to acquire a fair allocation.  Once this has been accomplished this paper will demonstrate a new method that will go from the partially defined game to the same allocation without the need of defining missing payoffs.
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1. Introduction 

1.1 Cooperative Game

It is more reasonable to begin defining and introducing some topics of Game Theory before stating the problem this paper is intended to address.  This paper will begin by defining a cooperative game, followed by allocation, partially defined game, and extension of a partially defined game.  A cooperative game is defined as a pair (N, v) where N = {1, 2, 3, …, n} is the set of n  players and if 
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, then v(S) is a nonnegative real number called the coalitional value of S.  Also a cooperative game must satisfy v(ø) = 0.  

A players allocation is what that player will receive based on the information of the game.  The payoffs will be allocated in such a way that each player receives what is fair based on the cooperative game.  The definitions will be easy to understand after working through an example.
Example 1.1.1
Consider the 3 player game below
Table 1.1.1

	v({1, 2, 3}) =
8
	
	
	

	v({2, 3}) =
5
	v({1, 3}) =
3
	v({1, 2}) =
4
	

	v({3}) =
1
	v({2}) =
0
	v({1}) =
1
	v(  ∅) =
0


Now one might suggest that if all the players work together and receive the payoff of 8 they should evenly divide the 8 amongst the three players by giving each a share of equal weight 8/3 which is approximately 2.667.  However, all the two player coalitions have different payoffs which would suggest that some players contribute more than others and would except to receive a bigger payoff if they were to work together. 

In 1953 Lloyd Shapley described an allocation method that would be considered fair, this became known as the “Shapley” value.  This method is based on the marginal contributions of each player. In the table below we consider how much payoff each player brings if they join in the given order below.  Since this is a three player game there will be 3! = 6 orderings.  Once the orders are placed with the correct value for each player we simply sum the columns and divide by the number of orderings.  Thus, player one receives 14/6, player two receives 17/6 as does player three.  

	Order
	Player 1
	Player 2
	Player 3
	Total

	1 2 3
	1
	3
	4
	8

	1 3 2
	1
	5
	2
	8

	2 1 3
	4
	0
	4
	8

	2 3 1
	3
	0
	5
	8

	3 1 2
	2
	5
	1
	8

	3 2 1
	3
	4
	1
	8

	Average
	14/6
	17/6
	17/6
	8


Table 1.1.2
Let us consider the second row and explain how these numbers were generated.  Say that player 1 decided to take part in this game then his value would be v({1}) = 1.  Now lets say that player 2 decided to team up with player 1 and now their value is v({1, 2}) = 5, therefore, by joining player 2 provided a value of 4 more than what player 1 had before.  Now player 3 decides to join and their value is v({1, 2, 3}) = 8, thus, player 3 contributed 3 more.  This explains the values of row 2.  This is now done over all possible orderings and the marginal contributions of each player are summed up and divided by the number of total orders.
1.2 Partially Defined Cooperative Game (PDCG)
A partially defined cooperative game is a cooperative game where not all of the coalitional values are known.  This paper will be dealing with a specific type of cooperative game.  The PDCG this paper will address will know the values of the coalitions where all n players cooperate, all the values of n-1 players coalitions will be known, and the assumption that the values of each one player coalition will be equal to zero.  The last assumption is reasonable because it assumes a player will break even if he works by himself on a large project that would probably require multiple players to cooperate to make any profit.  Also v({N / {n} }) <= v({N / {(n-1)} }) <= v({N / {(n-2)} }) <= …. < v({N / {2} }) <= v({N / {1} }) since the game can always be relabeled to fit this format.

The table below defines a four player game where the values of 4, 3, and 1 player coalitions are known.  All the 2 player coalitions are unknown.  This makes finding a fair allocation of the coalitional values a bit more difficult.  The Shapley value can not be found using this game because it is incomplete and the Shapley value requires knowing the values of all the coalitions.
Example 1.2.1

	v({1,2,3,4}) =
1000
	
	
	
	
	

	v({1,2,3})
=
800
	v({1,2,4})
=
700
	v({1,3,4})
=
600
	v({2,3,4})
=
400
	
	

	v({1,2})
=
?
	v({1,3})
=
?
	v({1,4})
=
?
	v({2,3})
=
?
	v({2,4})
=
?
	v({3,4})
=

?

	v({1})
=
0
	v({2})
=
0
	v({3})
=
0
	v({4})
=
0
	
	


2. Extension to the Partially Defined Cooperative Game
In order to apply the Shapley value to example 1.2.1 the missing 2 player coalitions must be filled in first.  These values can not simply be filled with random numbers since changing the numbers changes the overall allocation of the each player.  Thus proper estimates must be made in order to get an allocation that would seem reasonable and fair to all the players.

An extension of a partially defined game is the same partially defined game with the missing coalitional values added in.  This paper intends to demonstrate a new way for determining the extension of a partially defined cooperative game.  This new method will estimate the other unknown coalitional values by first constructing a quadratic equation with three given values and then simply evaluating for the number of players. 

As you can see in example 1.2.1 it would be reasonable to assume that the coalitional value of the set {1,2} has to be less than v({1, 2, 3}) and v({1, 2, 4}), and more than v({1}) and v({2}).  The value of v({1, 2}) has to be larger than any set that it is a superset of, and smaller then any set that it is a subset of.  In this example v ({1, 2}) will be between v ({1, 2, 4}) and v ({1}).  

Since the coalitional values increase as the size of the coalition increases it is safe to say that a function used to estimate the missing values would be an increasing function.  Also the assumption that the rate of the increase is non-zero can be made.  At times the rate of increase might be zero and the quadratic function becomes a linear one.  Thus having a quadratic function estimate the missing values would give a reasonable estimate. 

To determine the value of v({1,2}) one must first create a quadratic equation with the points (1,v({1}), ( n-1, v({1, 2, 4}) and (n, v({1, 2, 3, 4}), where n is the number of players and v(S) are the values in example 1.2.1.  This would give us (1,0), (3, 700), and (4, 1000).  Now with these three points we solve for a, b, and c in the equations
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With the use of Maple 9.5 the values for a, b, and c are 
a = (-50)/3, b = 1250/3, c = -400
The appendix has the values for a, b, and c for the general case.

Now we have the quadratic function 
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where x is the size of the set.  If f(2) is evaluated one would find a value for v({1, 2}).  Thus v({1, 2}) would be 1100 / 3 or approximately 367.
This was just one function to estimate v({1, 2}) and this same function will not work to find v({1,3}) or any other two player coalitional value.  One must then expect to create five more quadratic functions and evaluating them at x = 2; however, since v({2, 3, 4}) <= v({1, 3, 4}) <= v({1, 2, 4}) <= v({1, 2, 3}) <= v({1, 2, 3, 4}) as stated before, and the coalitional value of all the one player coalitions is zero one needs to only construct two more quadratic functions for this four player game.  The other two quadratic functions are shared between different coalitional values.  The coalitional values v({1, 3}) and v({1, 4}) share the same function and the remaining coalitional values share the other function.  Once these functions are determined they are evaluated at x = 2 to determine unknown coalitional values.  The table below is the same game as example 1.2.1 except it is complete using the method talked about.
Example 2.1.1
	v({1,2,3,4}) =
1000
	
	
	
	
	

	v({1,2,3})

=
800
	v({1,2,4})

=
700
	v({1,3,4})

=
600
	v({2,3,4})

=
400
	
	

	v({1,2})

=
367
	v({1,3})

=
267
	v({1,4})

=
267
	v({2,3})

=
67
	v({2,4})

=
67
	v({3,4})

=

67

	v({1})

=
0
	v({2})

=
0
	v({3})

=
0
	v({4})

=
0
	
	


Below are the three functions graphed that were used to determine the missing two player coalitions.
Graph 2.1.1
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Now we are able to take the Shapley values of this game.  Instead of constructing a table like table 1.1.2, which would be 4! = 24 rows, the Shapley values will be computed by the Shapley value formula which gives the same result.
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Here we get the results that 
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3. From PDCG directly to the allocation
Above we were able to create and extension for a partially defined cooperative game and then taking the Shapley values to determine the allocation.  However, this would require a large amount of time and computations to be done to determine the allocation.  In large games this would not be reasonable and there must be a way to shorten the process.  

Instead of finding the extension we will go directly to the allocation from the partially defined game using the same ideas as before.  To do this we will solve for the two player coalitional values in terms of the given values.  From this we will plug directly into the Shapley value and then simplify.  Once this is done once we will have a general formula for these types of four player partially defined cooperative game.

With the aid of Maple 9.5 it was discovered that all the two player coalitions of a four player partially defined game are 
Equation 3.1.1
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where S is a two player coalition, M is a three player coalition and N is the four player coalition.  Meaning that all the two player coalition values are the smallest three player coalitional value they are a subset of minus one third the four player coalitional value.

Now that we have a way to express all the two player coalitional values  in terms of the three and four player coalitional values we can substitute it in the Shapley value formula and get a general solution to the four player partially defined cooperative games.

Here are those values
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These four values can be used for any four player partially defined cooperative game where the n player coalitional values, n-1 coalitional values, and the 1 player coalitional values are known.
APPENDIX

Maple Code for determining a, b, and c in 
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> x[1] := 1; x[2] := (n-1); x[3] := n; y[1] := 0;
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> n:=4;
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> n := 'n';
[image: image22.wmf]n

 := 

n


> solve({y[1] = a*x[1]^2 + b*x[1] + c, y[2] = a*x[2]^2 + b*x[2] + c, y[3] = a*x[3]^2 + b*x[3] + c}, {a,b,c});
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Maple code for defining a general a,b,c and then displaying the general quadratic equation

> c := -(n*y[2]-n*y[3]+2*y[3])/(n-2); b := (n^2*y[2]-n^2*y[3]+2*n*y[3]-y[2])/((n-1)*(n-2)); a := -(-n*y[3]-y[2]+n*y[2]+2*y[3])/((n-1)*(n-2));
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> y = a*x^2 + b*x + c;
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Maple code for determining the value of any two player coalition.

Equation 3.1.1

Three simultanous equations used to find a,b, and c.
> y[1] = a*x[1]^2 + b*x[1] + c; y[2] = a*x[2]^2 + b*x[2] + c; y[3] = a*x[3]^2 + b*x[3] + c;
[image: image28.wmf]y

1

 = 

a

 

x

1

2

 + 

b

 

x

1

 + 

c


[image: image29.wmf]y

2

 = 

a

 

x

2

2

 + 

b

 

x

2

 + 

c


[image: image30.wmf]y

3

 = 

a

 

x

3

2

 + 

b

 

x

3

 + 

c


Defining values for the general case for a partially defined cooperative game.
> y[1] := 0; x[1] := 1; x[2] := (n-1); x[3] := n;
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Let n = 4 for this 4 player partially defined cooperative game.
> n := 4;
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Now solve for a, b, and c.
> solve({y[1] = a*x[1]^2 + b*x[1] + c, y[2] = a*x[2]^2 + b*x[2] + c, y[3] = a*x[3]^2 + b*x[3] + c}, {a,b,c});
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Define our a,b, and c as the values from above.
> a := 1/3*y[3]-1/2*y[2]; c := -2*y[2]+y[3]; b := -4/3*y[3]+5/2*y[2];
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Now that we have a, b, and c we can construct a quadratic function.
> f(x) = a*x^2 + b*x + c;
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Now evaluate x = 2. This will give us an estimate of a two player coalition.
> x := 2;
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> f(x) = a*x^2 + b*x + c;
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Where y[3] is the coalitional value for all n players v(N), and y[2] is the minimum (n-1) player coalitional value.
Note that M is a proper subset of N.  |M| + 1 = |N|.  
> y[3] := v(N); y[2] := min(v(M));
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Let v(S) be the two player coalitional value we are trying to find.
> f(2) := v(S);
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Thus we get.
> f(x) = a*x^2 + b*x + c;
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